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Chain Rule 

The Chain Rule is used to find derivatives of composite functions. 

To find the derivative of a composite function 𝑓 ∘ 𝑔, you can multiply the derivatives of 𝑓 and 𝑔. 

Chain Rule: 

For some composite function:    𝑦 = 𝑓(𝑔(𝑥)) 

                  The derivative is:    𝑦′ = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥) 

Alternate Notation for Chain Rule:       

   If we set  𝑢 = 𝑔(𝑥),    then   𝑦 = 𝑓(𝑔(𝑥))  can be written as:    𝑦 = 𝑓(𝑢) 

                                            so the derivative can be written as:    𝑦′ = 𝑓′(𝑢) ⋅ 𝑢′ 

 

                                                                                      or also as: 

 

 

 

General Power Rule: 

The General Power Rule is a special case of the Chain Rule,  

which combines the Chain Rule and Power Rule. 

         For a function in the form:    𝑦 = (𝑔(𝑥))
𝑛

 

                       The derivative is:   𝑦′ = 𝑛 ⋅ (𝑔(𝑥))
𝑛−1

⋅ 𝑔′(𝑥) 

Alternate Notation for the General Power Rule: 

        If we set 𝑢 = 𝑔(𝑥),    then 𝑦 = (𝑔(𝑥))
𝑛

 can be written as:    𝑦 = 𝑢𝑛 

                                            so the derivative can be written as:    𝑦′ = 𝑛𝑢𝑛−1 ⋅ 𝑢′ 

 

  

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
⋅

𝑑𝑢

𝑑𝑥
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Chain Rule 

Example 1:  Find the derivative of the function   𝑦 = −7(8𝑥2 + 3)6 

Method 1: 

Step 1: Decompose the function to identify the “outer” function 𝑓 and “inner” function 𝑔 

             The outer function is 𝑓(𝑥) = −7𝑥6    and the inner function is 𝑔(𝑥) = 8𝑥2 + 3 

             Then find their derivatives:   𝑓′(𝑥) = −42𝑥5     and     𝑔′(𝑥) = 16𝑥  

 

Step 2: Plug in to the Chain Rule. 

             𝑦′ = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥) =    −42(8𝑥2 + 3)5 ⋅ (16𝑥) 

                                                  =    −672𝑥(8𝑥2 + 3)5 

              

Method 2: 

Since   𝑦 = −7(8𝑥2 + 3)6   is in the form of   𝑦 = (𝑔(𝑥))
𝑛

 , use the General Power Rule  

              

               

                                              =    −42(8𝑥2 + 3)5 ⋅ (16𝑥) 

                                              =    −672𝑥(8𝑥2 + 3)5 

Example 2:  Find the derivative of the function   ℎ(𝑥) = 𝑒−𝑥3+4𝑥 

Method 1: 

Step 1: Decompose the function to identify the “outer” function 𝑓  and the “inner” function 𝑔 

              The outer function is 𝑓(𝑥) = 𝑒𝑥   and the inner function is 𝑔(𝑥) = −𝑥3 + 4𝑥 

              Then find their derivatives:   𝑓′(𝑥) = 𝑒𝑥     and     𝑔′(𝑥) = −3𝑥2 + 4  

 

Step 2: Plug in to the Chain Rule. 

             ℎ′(𝑥) = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥) =    𝑒−𝑥3+4𝑥 ⋅ (−3𝑥2 + 4)  

                                                        =     (−3𝑥2 + 4)𝑒−3𝑥+4 

 

Method 2: 

Another way to show this is using the Chain Rule for the Natural Exponential function:  

 

            

                              =     (−3𝑥2 + 4)𝑒−3𝑥+4 

  

𝑑

𝑑𝑥
(𝑒𝑢) = 𝑒𝑢 ⋅ 𝑢′ 

𝑑

𝑑𝑥
(𝑢𝑛) = 𝑛𝑢𝑛−1 ⋅ 𝑢′ 

𝑑

𝑑𝑥
(−7(8𝑥2 + 3)6) =     −7(6)(8𝑥2 + 3)6−1 ⋅ (16𝑥) 

𝑑

𝑑𝑥
(𝑒−𝑥3+4𝑥) =     𝑒−𝑥3+4𝑥 ⋅ (−3𝑥2 + 4) 
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Chain Rule 

Example 3:  Find the derivative of the function   𝐹(𝑥) = ln(2𝑥2 + 1) 

Method 1: 

Step 1: Decompose the function to identify the “outer” function 𝑓  and the “inner” function 𝑔 

              The outer function is 𝑓(𝑥) = ln 𝑥   and the inner function is 𝑔(𝑥) = 2𝑥2 + 1 

              Then find their derivatives:                            and     𝑔′(𝑥) = 4𝑥 

 

Step 2: Plug in to the Chain Rule. 

               

 

 

 

Method 2: 

Another way to show this is using the Chain Rule for the Natural Logarithmic function:  

 

 

 

 

Example 4:  Find the derivative of the function   𝑦 = sin(𝜋𝑥) 

Method 1: 

Step 1: Decompose the function to identify the “outer” function 𝑓  and the “inner” function 𝑔 

              The outer function is 𝑓(𝑥) = sin 𝑥   and the inner function is 𝑔(𝑥) = 𝜋𝑥 

             Then find their derivatives:   𝑓′(𝑥) = cos 𝑥    and     𝑔′(𝑥) = 𝜋  

 

Step 2: Plug in to the Chain Rule. 

 

 

 

Method 2: 

Another way to show this is using the Chain Rule for the Sine function:  

 

 

 

𝐹′(𝑥) = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥) =    
1

2𝑥2 + 1
⋅ (4𝑥) =    

4𝑥

2𝑥2 + 1
 

𝑑

𝑑𝑥
(ln 𝑢) =   

1

𝑢
⋅ 𝑢′ =   

𝑢′

𝑢
 

𝑑

𝑑𝑥
(ln(2𝑥2 + 1)) =     

1

2𝑥2 + 1
⋅ (4𝑥) =     

4𝑥

2𝑥2 + 1
 

𝑦′ = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥) =   cos(𝜋𝑥) ⋅ 𝜋 =    𝜋 cos(𝜋𝑥) 

𝑑

𝑑𝑥
(sin 𝑢) =  cos(𝑢) ⋅ 𝑢′ 

𝑑

𝑑𝑥
(sin(𝜋𝑥)) =     cos(𝜋𝑥) ⋅ 𝜋 =    𝜋 cos(𝜋𝑥) 

𝑓′(𝑥) =
1

𝑥
 


