Integration by Substitution

u-substitution is used often used when the integral does not fit the form of a known integral rule.

These are some examples of the types of integrals that would use u-substitution:

f(Sx —2)7dx u=3x—2 (uiswhatis in parenthesis to a power)
f 16x(8x? + 1)%dx u = 8x?+ 1 (uis what is in parenthesis to a power)
f t3y2t* + 3dt u = 2x*+3 (uis what is in the root)
f xe* ~9dx u=2x?-—9 (uis whatis in the exponent)

X3
f mdx u=1+x* (uiswhatis in the denominator)
f sin()lc—nx)dx u=lInx (u is what is inside a trig function)

Example 1: Evaluate the indefinite integral f (3x — 2)7dx

Step 1: Define u and take the derivative
du

Let u=3x—-2 —=3 du = 3dx
dx

Step 2: Solve for dx

du 1
du=3dx = ?=dx = 5du=dx

Step 3: Plug in u and ;du and write the integral in terms of u

1 1
J(Bx—2)7dx =fu7-§du =§ju7du

Step 4: Integrate

1J S SN S
3) % T3y Y

Step 5: Plug back in for u to write in terms of x

a

! 8+cC —1(3 2% +C
24 =g X
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Example 2: Evaluate the indefinite integral f 16x(8x2 + 1)%dx

Step 1: Define u and take the derivative

d
Letu =8x%2 +1 o 16x du = 16xdx (note that 16x is in the original integral)

dx

Step 2: Plug in u and du and write the integral in terms of u
I(Sx2 +1?(16x)dx = fuzdu
Step 3: Integrate

fzd —u3+c “lec
u~au —3 —3u

Step 4: Plug back in for u to write in terms of x

1 1
§u3+C =§(8x2+1)3+C

Example 3: Evaluate the indefinite integral f t3y2t* + 3 dt

Step 1: Define u and take the derivative
du

Letu =2t*+3 — =8¢3 du = 8t3dt (note that t3 is in the original integral)

dt
Step 2: Solve for t3dt

du 1
du =8t3dt = 5= t3dt = gdu = t3dt
Step 3: Plug in u and %du and write the integral in terms of u
1 1
j\/2t4+3 (tHdt = fx/ﬂ-gdu =§fu1/2du
Step 4: Integrate

u3/?

+C =

1 1
_ 1/24 = _.
fu u 8

2 1
. Z,,3/2 C =— 3/2 C
5 3u + 12u +

1
3 8
2

Step 5: Plug back in for u to write in terms of ¢

1 1
3/2 — 24 3/2
U+ =@t +3)Y2 4 C
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Example 4: Evaluate the indefinite integral f xe**~%dx

Step 1: Define u and take the derivative
d
Letu=x2-9 d_u =2x du = 2xdx (note that x is in the original integral)
X
Step 2: Solve for xdx
du 1
du =2xdx = - = xdx = Edu = xdx

Step 3: Plug in u and %du and write the integral in terms of u

2 1 1
fe" (x)dx = feu-—du =—feudu
2 2
Step 4: Integrate

[ =levsc
2 e u—2€

Step 5: Plug back in for u to write in terms of x

1e”+C —lex2_9+C
2 2

3

X
Example 5: Evaluate the indefinite integral —d
P & j a+xz™
Step 1: Define u and take the derivative
d
Letu=1+x* d_u = 43 du = 4x3dx  (note that x3 is in the original integral)
X

Step 2: Solve for x3dx
du 1
du = 4x3dx = i x3dx = Zdu = x3dx
Step 3: Plug in u and idu and write the integral in terms of u

x3 1 3 -2
f—(1+x4)2dx =f—(1+x4)2-x dx =fﬁ-zdu =qu du

Step 4: Integrate

10 _, 1 ut 1 1
qu du =Z-_—1+C =—zu +C =—@+C
Step 5: Plug back in for u to write in terms of x
1 1
_E-'_C =—m+C
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Example 6: Evaluate the indefinite integral f de
x
Step 1: Define u and take the derivative
d 1 1
Letu=Inx “_Z du =—dx (note that 2 is in the original integral)
dx x x x

Step 2: Plug in u and du and write the integral in terms of u

f sin(In x)

1
dx = fsin(lnx) -—dx =fsinudu
X X

Step 3: Integrate
fsinudu =—cosu+C

Step 4: Plug back in for u to write in terms of x

—cosu+C = —cos(lnx)+C
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